ENDOMORPHISMS OF SUPERELLIPTIC JACOBIANS 



YURI G. ZARHIN 



Abstract. Let if be a field of characteristic zero, n > 5 an integer, f(x) 
an irreducible polynomial over K of degree n, whose Galois group contains a 
doubly transitive simple non-abelian group. Let p be an odd prime, Z[£ p ] the 
ring of integers in the pth cyclotomic field, Cf }P : y p = f(x) the corresponding 
superelliptic curve and J(Cf iP ) its jacobian. Assuming that either n = p + 1 
or p does not divide n(n — 1), we prove that the ring of all endomorphisms 
of J(Cf iP ) coincides with Z[f p ]. The same is true if n = 4, the Galois group 
of f(x) is the full symmetric group S4 and K contains a primitive pth root of 
unity. 
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1. Definitions and statements 

Throughout this paper if is a field and K a its algebraic closure. We write G&\(K) 
for the absolute Galois group Qal(K a /K) and I for a prime different from char(if). 
If X is an abelian variety of positive dimension over K a then End(X) stands for 
the ring of all its if a -endomorphisms and End (A) for the corresponding Q-algebra 
End(X) ® Q. For every abelian variety over Y over K a we write Hom(X, Y) for 
the group of all if a -homomorphisms from X to Y . 

Let j) be a prime and ( p £ C be a primitive pth root of unity, Q(Cp) C C the pth 
cyclotomic field and Z[£ p ] the ring of integers in Q(£ p ). 

Let us assume that char (if) ^ p and if contains a primitive pth root of unity £. 
Let f(x) G K[x] be a polynomial of degree n > 3 without multiple roots, 9t/ C if 
the (n-element) set of roots of / and Kffif) C K a the splitting field of /. We 
write Gal(/) = Gal(f/K) for the Galois group Gal(if (9t/)/if) of /; it permutes 
the roots of / and may be viewed as a certain permutation group of 9^/, i.e., as a 
subgroup of the group Perm(£K/) = S n of permutations of 

Let Cf tP be a smooth projective model of the smooth affine if -curve y p = f(x); 
its genus is equal to (n— l)(p — 1)/2 if p does not divide n. The map (x, y) 1— > (x^y) 
gives rise to a non-trivial birational if -automorphism S p : Cf^ p — > C/ lP of period 
p. The jacobian J(C/ iP ) of C/ iP is an abelian variety that is defined over if. By 
Albanese functoriality, <5 P induces an automorphism of J(C/ iP ) which we still denote 
by dp. It is known 9, p. 149], [H P- 458]) (see also [IB GO!]) that 6 P satisfies the 
pth cyclotomic equation, i.e., 5 P P ^ 1 + ■ ■ ■ + S p + 1 = in End( J(C/ iP )). This gives 
rise to the embeddings 

Z[C P ] — End/f (J(C /iP )) C End(J(C / , p )), ( p ^ 5 P , 

Q(C P ) ^ End^(J(C />p )) c End°(J(C /(1> )), C P >-> S p , 
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that send 1 to the identity automorphism of J(C/ iP ). In particular, if Q[S P ] is the Q- 
subalgebra of End (J(C/ lP )) generated by S p then the latter embedding establishes 
a canonical isomorphism 

Q(Cp) = Q[S P ] 

that sends ( p to S p . In a series of papers [HI HH fjgl [231 [301 E2, the 

author discussed the structure of End°( J(C/ !P )). In particular, he proved that if 
c\islt(K) = 0, n > 5 and Gal(/) coincides either with full symmetric group S n or 
with alternating group A„ then End(J(C/ >p )) = Z[( p ]. (See also [I"9 l 120" ! l24 l 126 1 153].) 

The aim of this paper is to deal with arbitrary doubly transitive Galois groups for 
almost all p (if n is given). For example, we extend the result about End( J(C/ iP )) 
to the case when n — 4, Gal(/) = S4, a prime p is odd and K contains a primitive 
pth root of unity (see below). 

The following statement is the main result of this paper. 

Theorem 1.1. Suppose that K has characteristic zero, n>A andp is an odd prime 
that does not divide n. Suppose that K contains a primitive pth root of unity and 
Gal(/) contains a doubly transitive subgroup Q that enjoys the following property: 
if p divides n — 1 and n =/= p + 1 then Q does not contain a proper subgroup, whose 
index divides (n — l)/p. 
Then: 

(i) End°( J(Cf^ p )) is a simple Q-algebra, i.e., J(Cf^ p ) is isogenous over K a to 
a self-product of an absolutely simple abelian variety. 

(ii) Let us assume that Q does not contain a proper normal subgroup, whose 
index divides n — 1 . Then: 

(a) Q[S P ] = Q[C P ] is the center of End°( J(C/, P )), i.e., End°( J(C/, P )) is a 
central simple Q[5 p ]-algebra. 

(b) Suppose that either n = p + 1 or p does not divide n — 1. Then 

End°( J(C /lP )) = Q[6 P ] <* ®(( p ), End(J(C /iP )) = Z[6 P ] £* Z[C P ]. 

Remark 1.2. See [2j[7| for the list of known doubly transitive permutation groups. 

Remark 1.3. Since Q is doubly transitive, its order is divisible by n(n — 1). In 
particular, every subgroup in Q, whose index divides n — 1 is either proper or Q 
itself. 

Remark 1.4. The case of n — 3 is discussed in [35]; see also [TT]. (Notice that the 
only doubly transitive subgroup of S3 is S3 itself, which contains a normal subgroup 
of index 2 = 3 — 1.) 

Let us consider the case of n = 4. The only doubly transitive subgroups of 
S4 are S4 and A4: they both contain a subgroup of index 3 = 4—1. The only 
subgroup in A4 of index 3 is normal. However, none of the index 3 subgroups in 
S 4 is normal. (Indeed, an index 3 normal subgroup of S4 is, obviously, a normal 
Sylow 2-subgroup and therefore must contain all the transpositions, which could 
not be the case.) Now Theorem 11.11 implies the following statement. 

Corollary 1.5. Suppose that K has characteristic zero, f(x) € K[x] is an irre- 
ducible quartic polynomial, whose Galois group is the full symmetric group S4. If 
p is an odd prime and K contains a primitive pth root of unity then 

End°(J(C /iP )) = Q[6 P ] S Q(C P ), End(J(C /iP )) = Z[S P ] S 
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Example 1.6. Let p = 3 and f(x) = Y^t=o f iX * ^ K[x\ be an irreducible degree 
4 polynomial over K with Galois group S4. Then /o ^ fl,/4 ^ and the plane 
projective quartic 

4 

1=0 

is a smooth projective model of C/.3, whose only infinite point is (0 : 1 : 0). In 
particular, is not hyperelliptic. It follows from Corollary 11.51 that 

-1 + 



End( J(C /l3 )) = Z 

if char(if) = and K contains a primitive cubic root of unity. 

For example, the polynomial f(x) = x 4 — x — 1 has Galois group S4 over Q [T3J 
p. 42]. Let L be the splitting field of f(x) over Q, so that L/Q is a Galois extension 
with Gal(L/Q) = S 4 . Since S 4 has exactly one subgroup of index 2 (namely, 
A 4 ), the field L contains exactly one quadratic (sub)field, namely, Q(\/A) where 
A is the discriminant of f{x). Recall that the discriminant of a quartic polynomial 
x 4 + ax + b is -27a 4 + 2566 3 [TTJ Sect. 64]. It follows that A = -283 and L contains 



-283). This implies that L does not contain K :— Q(v— 3) and therefore L 
and K are linearly disjoint over Q. Hence the Galois group of f(x) over K is still 
S 4 . Since K contains a primitive cubic root of unity, we conclude that if J is the 
jacobian of the smooth plane projective quartic 

y 3 z - x 4 + xz 3 + z 4 = 

then End(J) = Z 



2 

Notice that one may use degree seven polynomials with Galois group S7 or A7 
in order to construct smooth plane quartics, whose jacobians have no nontrivial 
endomorphisms |31j . 

Recall that one may realize S4 as the group of affiine transformations of the affinc 
plane over F2. This suggests the following generalization of Corollarv ll.5l 

Theorem 1.7. Suppose that there exists a prime £ ^ p and positive integers r 
and d such that d > 1 and n — £ rd . Let F be the finite field Wgr. Let ¥ d be the 
d- dimensional coordinate F-vector space and SA(d, F) be the group of all special 
affiine transformation 

v 1 > A(v) +t, te¥ d ,Ae SL(d, F) 

of¥ d . Suppose that one may identify 9\f and¥ d in such a way that Gal(/) becomes 
a permutation group of¥ d that contains SA(d,¥). 

Suppose that char(if ) = and K contains a primitive pth root of unity. If either 
n = p + 1 or p does not divide n — 1 then 

End°(J(C /)P )) = Q[S P ] £* Q(C P ), End(J(C /)P )) = Z[S P ] Si Z[C P }. 

Proof. The permutation group Q — SA(d, F) is doubly transitive, because SL(d, F) 
is transitive on the set of all non-zero vectors in ¥ d (recall that d > 1). The 
group T Si ¥ d of all translations of ¥ d is normal in SA(d,F) and Q/T = SL(d,F). 
Suppose that Q contains a proper normal subgroup say, H, whose index divides 
n — 1 = £ rd — 1. It follows that H contains all elements, whose order is a power 
of £. This implies that H contains T and therefore H/T is a normal subgroup in 
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SL(d, F) that contains all elements of SL(d, F), whose order is a power of I. Since 
SL(d, F) is generated by elementary matrices [6l Ch. XIII, Sect. 8. Lemma 8.1 
and Sect. 9, Proposition 9.1] and every (non-identity) elementary matrix over F 
has multiplicative order £, we conclude that H/T = SL(d, F) and therefore H = 
SA(d, F). Since H is proper, we get a contradiction. So such H does not exist. 
Now Theorem 11.71 follows from Theorem ll.il □ 

Now let us discuss the case of n > 5 and simple Q. 

Corollary 1.8. Suppose that char(_ftT) = and n > 5. Suppose that p is an odd 
prime that does not divide n and such that either n = p + 1 or p does not divide 
n— 1. Suppose that Gal(/) contains a doubly transitive simple non-abelian subgroup 
Q . Then 

End°( J(C f , p )) = Q[S P ] S Q(C P ), End(J(C />p )) = Z[6 P ] = Z[( p }. 

Proof of C'orollaru \1.8{ Replacing if by a suitable finite algebraic extension, we 
may assume that Gal(/) = Q. Since Q is simple non-abclian, Gal(/) would not 
change if we replace K by an abelian extension. So, we may assume that K contains 
a primitive pth root of unity. The simplicity of Q means that it does not have a 
proper normal subgroup. Now the assertion follows from Theorem ll.il □ 

The paper is organized as follows. Section [2] recalls elementary but useful results 
from |30j concerning the endomorphism algebras of abelian varieties. These results 
are generalized in Section [3] to the case of the centralizer of a given field that acts 
on an abelian variety. We pay a special attention to the action of this field on 
the differentials of the first kind (Theorems 13.51 and I3.12|) . In Section [4] we prove 
Theorem ll.il In Section[5]we discuss generalizations of our results to the case when 
p is replaced by its power q and the curve involved is y q = f(x). 

This work was started during the special semester "Rational and integral points 
on higher-dimensional varieties" at the MSRI (Spring 2006). I am grateful to the 
MSRI and the organizers of this program. 

2. Endomorphism algebras of abelian varieties 

Let X be an abelian variety of positive dimension over K. If n is a positive integer 
that is not divisible by char(if) then X n stands for the kernel of multiplication by 
n in X(K a ). It is well-known [H] that X n is a free Z/nZ-module of rank 2dim(X). 
In particular, if n = £ is a prime then Xi is a 2dim(X)-dimensional F^-vector space. 

If X is defined over K then X n is a Galois submodule in X(K a ) and all points of 
X n are defined over a finite separable extension of K. We write p n ,x,K ■ Gal(if) — > 
Autz/„z(X„) for the corresponding homomorphism defining the structure of the 
Galois module on X n , 

G n ,x,K C Aut z / nZ (A"„) 
for its image p n ,x,K (Gal(-fT)) and K(X n ) for the field of definition of all points of 
X n . Clearly, K(X n ) is a finite Galois extension of K with Galois group G&\(K(X n ) / K) = 
G n ^x,K- If n = £ then we get a natural faithful linear representation 

Ge,x,K C Autf e (Xe) 

of Gi.x,k in the F^-vector space X(_. 

We write Endif(X) for the ring of all fCendomorphisms of X. We have 

Z = Z ■ l x C Endtf(X) c End(X) 
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where l x is the identity automorphism of X. Since X is defined over K , one may 
associate with every u £ End(X) and a £ Gal(K) an endomorphism " u £ End(X) 
such that a u{x) = au(a~ 1 x) for x £ X(K a ) and we get the group homomorphism 

k x : Ged(K) -> Aut(End(X)); K X {a)(u) = a u Ver £ Ged(K), u £ End(X). 

It is well-known that Endif (X) coincides with the subring of Gal(i4T)-invariants 
in End(X), i.e., End K (X) = {u £ End(X) | a u = u Vcr £ Gal(K)}. It is 
also well-known that End(X) (viewed as a group with respect to addition) is a 
free commutative group of finite rank and End_R- (X) is its pure subgroup, i.e., the 
quotient End(X)/End/f (X) is also a free commutative group of finite rank. 
The following observation plays a crucial role in this paper. 

Remark 2.1. It is known [16] that all the endomorphisms of X are defined over 
K{Xp)\ in particular, 

GaJ{K(X P )) c kei(Kx) C Gal(i^). 

This implies that if Fx '■= K X (Gal(K)) C Aut(End(X)) then there exists a surjec- 
tive homomorphism kx.£ 2 ,k '■ Gp x -» such that the composition 

GsX{K) -» Gal {K{Xp) /K) = Gp >x T K 
coincides with kx- Clearly, 

End K (X) = End(X) rjc . 

Clearly, End(X) leaves invariant the subgroup Xe C X(K a ). It is well-known 
that u £ End(X) kills X t (i.e. u(X e ) = 0) if and only if u £ I ■ End(X). This gives 
us a natural embedding 

End K (X) <g> 1/11 C End(X) <g> 1/11 ^ End ¥e (X e ). 

Clearly, the image of End^ (X) ® 1/£1 lies in the centralizer of the Galois group, 
i.e., we get an embedding 

End K {X) <g> 1/11 ^ End Ga i W PQ) = End eex K (X e ), 

It is well-known (5[ §21], that End°(X) is a semisimple finite-dimensional Q- 
algebra. Clearly, the natural map Aut(End(X)) — > Aut(End°(X)) is an embedding. 
This allows us to view kx as a homomorphism 

fix ■ Ged(K) -> Aut(End(X)) c Aut(End°(X)), 

whose image coincides with T K C Aut(End(A)) C Aut(End°(A)). Clearly, the 
subalgebra End°(X) TK of r if -invariants coincides with End_R-(X) eg) Q. 

Remark 2.2. (i) Let us split the semisimple Q-algebra End°(X) into a finite 
direct product End°(X) = rLex^ °^ simple Q-algebras D s . (Here I is 
identified with the set of minimal two-sided ideals in End (A).) Let e s be 
the identity element of D s . One may view e s as an idempotent in End (X). 
Clearly, 

lx = J2 e * e End °PO. e«e t — "is =/= t. 
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There exists a positive integer N such that all N ■ e s lie in End(X). We 
write X s for the image X s := (Ne s )(X); it is an abelian subvariety in X of 
positive dimension. Clearly, the sum map 

s s 

is an isogeny. It is also clear that the intersection D s f] End(A) leaves X s C 
X invariant. This gives us a natural identification D s = End (X s ). One 
may easily check that each X s is isogenous to a self-product of (absolutely) 
simple abelian variety. Clearly, if s ^ t then Hom(X s , X t ) = 0. 

(ii) We write C a for the center of D s . Clearly, C s coincides with the center of 
End (Xj) and the center C of End (X) coincides with rLgx^ = ®sesC s - 

(iii) Obviously, all the sets 

{e s | s g 1} C (BsexQ ■ e s C ® se xC s = C 

are stable under the Galois action Gal(K) — ^* Aut(End (X)). In par- 
ticular, there is a continuous homomorphism from Gal(i^) to the group 
Perm(X) of permutations of X such that its kernel contains ker(Kx) and 

e ff(s) = Kx(r)(e.) = a e s , a (C s ) = C a[s) , °{D S ) = D a(s) Va g Gal(K),s g T. 
By Remark 12.11 the homomorphism Gal(-ft') — > Perm(I) factors through 
G x ,P,k- It follows that X^ s) = N e<7{s) (X) = a(Ne s (X)) = a(X s ); in 
particular, abelian subvarieties X s and X a ^ have the same dimension. 
Clearly, it i— > a u gives rise to an isomorphism of Q-algebras End (X^)) = 
End°(X s ). 

(iv) Assume that Endx(X) has no zero divisors. Then the following conditions 
hold [29j remark 1.4(iv)]: 2" consists of one Galois orbit. In particular, 
Gx,P,k acts transitively on X and therefore has a subgroup of index #(/). 

3. Abelian varieties with multiplications 

Let E be a number field. Let (X, i) be a pair consisting of an abelian variety X 
of positive dimension over K a and an embedding i : E <^-> End°(X). Here 1 e £ 
must go to ljf- 

Remark 3.1. It is well known [15l Prop. 2 on p. 36]) that the degree [E : Q] 
divides 2dim(A), i.e. 

2dim(X) 

■ 

is a positive integer. 

Let us denote by End°(A, i) the centralizer of i(E) in End°(X). Clearly, «(£?) 
lies in the center of the finite-dimensional Q-algebra End (A", i). It follows that 
End°(A,i) carries a natural structure of finite-dimensional _E-algebra. 

Remark 3.2. The _E-algebra End (A, i) is semisimple. Indeed, in notations of Re- 
mark O End ( A") = Y\ se jD s where all D s = End°(A s ) are simple Q-algebras. If 
pr s : End°(A) -» D s is the corresponding projection map and D s e is the centralizer 
of pr s i(E) in D s then one may easily check that End (A, i) = Y\ seI D s ^e- Clearly 
pr s i(E) = E is a simple Q-algebra. It follows from Theorem 4.3.2 on p. 104 of [3] 
that D Si e is also a simple Q-algebra. This implies that D s ^e is a simple iJ-algebra 
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and therefore End {X 1 i) is a semisimple £?-algebra. We write i s for the composition 
pr s i : E ^ End°(X) -» D. = End°{X s ). Clearly, D S , E = End°(X s , %„) and 

End°(X,i) = J]End°(X 5 ,i s ) (1). 

It follows that End (X, i) is a simple -E-algebra if and only if End (X) is a simple Q- 
algebra, i.e., X is isogenous to a self-product of (absolutely) simple abelian variety. 

Let O be the ring of integers in E. Let o be a non-zero ideal in O. It is well 
known that the quotient O/a is a finite commutative ring. 

Let A be a maximal ideal in O. We write fc(A) for the corresponding (finite) 
residue field O/A and I for char(/c(A)). We have 

O D X D £ ■ O. 

Remark 3.3. Let us assume that A is the only maximal ideal of O dividing £, i.e., 
£ ■ O = X b where the positive integer b satisfies [E : Q] = b ■ [k(X) : F^]. 

(i) We have O ®Iji> = O a where 0\ is the completion of O with respect to 
A-adic topology. It is well known that 0\ is a local principal ideal domain, 
its only maximal ideal is XO\ and 

fc(A) = O/A = O a /AO a . 

One may easily check that £ ■ <D\ = (AO A ) b . 

(ii) Let us choose an element c e A that does not lie in A 2 . Clearly, 

AO a = c-O a , £-O x = c b -O x . 

This implies that there exists a unit u e 0\ such that I = uc b . It follows 
from the unique factorization of ideals in O that 

X = £-0 + c-0. 

(iii) Notice that 

E x = E® Q Q e = 0®Q e = O x ® Zi Qi 

is the field coinciding with the completion of E with respect to A-adic 
topology. 

Suppose that X is defined over K and i(0) C End^(X). Then we may view 
elements of O as if-endomorphisms of X. We write End(X, i) for the centralizer of 
i{0) in End(X) and End K {X, i) for the centralizer of i(0) in End K (X). Obviously, 
End(X, i) is a pure subgroup in End(X) and End K (X, i) = End(X, i) f] End^(X) 
is a pure subgroup in End(Jf, i), i.e. the quotients End(X)/End(X, i) and 
End(X, i)/End#-(X, i) are torsion-free. We have 

i(0) C End K (X,i) c End(X,i) c End(X). 

It is also clear that 

End(X, i) = End°pf, i) f] End(X), 

End°(X, i) = End(X, i)«Qc End(X) ® Q = End°(X). 
Clearly, End{X 1 i) carries a natural structure of finitely generated torsion-free O- 
module. Since O is a Dedekind ring, it follows that there exist non-zero ideals 
f>i, . . . , bt in O such that 

Z • l x C End(X, i) = bi • • • b t 
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(as 0-modules). 

Clearly, «(cr) (End(X, i)) = Evd(X,i) for all a € Gal(if) and 

End K (X,i) = {u € End(X,i) | CT u = u Vcr e Gal(iT)}. 

Lemma 3.4. Suppose that X is defined over K andi(0) C End^ (X). If End k(X,i) 
/las mo zero divisors then, in notations of Remark \2.S[ X consists of one Galois orbit; 
in particular, all X s have the same dimension equal dim(X)/^(X). 

Proof. Clearly, EndxiX, i) <8> Q also has no zero divisors. If J C T is a non-empty 
Galois-invariant subset then ej := J^sej e » ^ s a non-zero element of End/f (X, i) ® 
Q. Now, if X contains two non-empty disjoint Galois-invariant subsets J\ and Ji 
then ej x ej 2 =0. □ 

Theorem 3.5. Suppose that E is a number field that is normal over Q. Suppose 
that K is a field of characteristic zero that contains a subfield isomorphic to E. 
Suppose that X is defined over K and i(0) C Endif(X). Let Lieif(X) be the 
tangent space to X at the origin, which carries a natural structure of E ®q K- 
module. For each field embedding r : E =— > K we put 

Lie K (X) T = {z e Lie K (X) | i(e)z = r(e)z Ve e E}, 

n T (X,i) = dim^-(Lie«-(X) r ). 

If EndxiX, i) has no zero divisors then every n T is divisible by #(2T). In particular, 
if the greatest common divisor of all n T is 1 then #(2") = 1, i.e., both End°(X) and 
End°(X, i) are simple Q-algebras, and X is isogenous over K a to a self-product of 
an absolutely simple abelian variety. 

Remark 3.6. The nonnegative integers n T (X,i) do not depend on the choice of 
K. 

Proof of Theorem \3.5\ The embedding i gives rise to the embeddings 
i s : E ^ End°(X s ), i,(l) = 1 X .M°) c En d(X s ) 

and 

He Ka (X) T = ® s£X Lie Ka (X s ) r . 
On the other hand, if s — a(t) for s,t € I, a e Gal(K) then 

Lie Ka (X s ) T = a(LieK a (X t ) T ). 
Using Lemma EUl we conclude that for each r (and s) 

dim Ka (Ue Ka (X) T ) = #(X) ■ dim Ka (Ue Ka (X S ) T ) 
is divisible by #(/). In order to finish the proof, one has only to notice that 

Lie Ka (X) T = Lie K (X) T ® K K a , 
since E is normal and K contains the subfield isomorphic to E, □ 

Lemma 3.7. In the notation and assumptions of Theorem \3.5\ let us assume that 
End°(X,i) is a central simple E-algebra. Let us define the positive integer m as 
the square root of dims(End (X,i)). Then all n T (X,i) are divisible by m. In 
particular, if the greatest common divisor of all n T (X,i) is 1 then m — 1, i.e., 
End°(X,i) = i(E) E. 
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Proof. We may assume that K = K a is algebraically closed. Then for each field 
embedding r : E K the if -algebra End°(X, i)®e,tK is isomorphic to the matrix 
algebra M m (K). On the other hand, every LieK(X) T carries a natural structure of 
End°(X, i)®E.r K- module. It follows that the if-dimension of Lie^(X) r is divisible 
by m. □ 

Let us assume that charf^) does not divide the order of O/a and put 

X a := {x £ X{K a ) | i(e)x = Ve £ a}. 

For example, assume that £ ^ char(if). Then the order of O/A — k(X) is a power 
of I and 

X A C x e . 

Assume in addition that A is the only maximal ideal of O dividing I and pick 

c S A \ A 2 C A C O. 

By Remark l3.3f ii). A is generated by £ and c. Therefore 

X x = {x£X e \cx = Q}cX e (2). 

Clearly, X a is a Galois submodule of X(K a ). It is also clear that X a carries a 
natural structure of O/a-modulc. (It is known [T4J, Prop. 7.20] that this module is 
free.) 

Obviously, every endomorphism from End(X, i) leaves invariant the subgroup 
X a C X(K a ) and induces an endomorphism of the O/a- module X a . This gives rise 
to a natural homomorphism 

End(AV) ^ End o/0 (X ), 

whose kernel contains a • EndpT, i). We claim that actually, the kernel coincides 
with a • End(X, i), i. e. there is an embedding 

End(X, i) ® O/a ^ End a/a X a (3). 

In order to prove it, let us denote by n the order of O/a. We have nO C o. Since 
O is a Dedekind ring, there exists a non-zero ideal o' in O such that o'a = nO. 
Clearly 

a'X n C X a . 

It follows that if u S End(X, O) kills X a then hu = uh kills X„ for each h G a'. 
This implies that 

a'u C nEndpT)P|Endpr,0) =nEnd(X,C) = n(bi • • • ® b t ) = n&i • • • ® nb t . 
Since 

nbi 9 • • • © nb t = a'o&i © • • • © a'ab t , 
we have u £ ab\ • • • © ab t = a • End(X, O) and we are done. 
Now we concentrate on the case of a = A, assuming that 

I ^ char(if). 

Then X\ carries the natural structure of a fc(A)-vector space provided with the 
structure of Galois module and (3) gives us the embedding 

End(X, i) ® fc(A) ^ End fc(A) (X x ). (4) 

Further we will identify End(X, i)®ok(\) with its image in Fjnd k (x)(X\). We write 

h,x :Gal(K)^ Aut fc(A) (X A ) 
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for the corresponding (continuous) homomorphism denning the Galois action on 
X\. It is known [H Prop. 7.20] (see also [10]) that 

2dim(X) 
dim k{x) X x = ^ ■ ^ := dx.E- 

Let us put 

G\,x = G x ,x,K ■= p\,x( Gai -( K )) C Aut k(x) (X x ). 

Clearly, G X x coincides with the Galois group of the field extension K(X X )/K 
where K(X\) is the field of definition of all points in X\. 

It is also clear that the image of End^(X, i) ®q k(X) lies in the centralizer 
Endg, A x K {X\) of G\,x,k in Endk(\)(X\). This implies the following statement. 

Lemma 3.8. Suppose that i(0) C End/f(X). If X is a maximal ideal in O such 
that t ^ char(if ) and Endg A x k (X\) = fc(A) then End K (X, i) = O. 

Proof. Clearly, Endx(X, i) is a finitely generated torsion free O-module and there- 
fore is isomorphic to a direct sum of say, r (non-zero) ideals in O. Clearly, r = 1 and 
therefore O C End#-(X, i) C E. Since O is the maximal order in E, we conclude 
that End K (X,i) = O. □ 

Since X\ C Xi C Xp, we get the inclusion K(X\) C K(Xp) : which gives rise 
to the surjective group homomorphism 

T i 2 ,\ '■ G(2 X -» G\,x- 

Remark 3.9. Recall [4] (see also [22j p. 199]) that a surjective homomorphism of 
finite groups 7r : Q\ -» Q is called a minimal cover if no proper subgroup of Q\ maps 
onto Q. One may easily check that if H is a subgroup in Q\ then (£7 : n(H)) divides 
(Qi : H) (and the ratio is the index of ker(7r) f]H in ker(7r)). Also, if H is normal 
in Q\ then 7r(_ff) is normal in Q. 

The following notion is a natural generalization of Definition 2.2 in [5]. 

Definition 3.10. Suppose that A is the only maximal ideal of O dividing I. We 
say that K is A-balanced with respect to X if £ ^ char(JC) and 

Te 2 ,A : G t 2 X K -» G\,x,k 

is a minimal cover. 

Remark 3.11. There always exists a subgroup H C Gp x,K such that i? — > 
G\,x,k is surjective and a minimal cover. (Indeed, one has only to choose a sub- 
group H C Gp x.K of smallest possible order such that Tp x {H) = G\,x,k-) Let 
us put L = K{Xp) H . Clearly, 

K C L C XpQ 2 ), Lf|X(X A ) = if 

and L is a maximal overfield of K that enjoys these properties. It is also clear that 

K(X\) C L(X\), L(Xp) — K{Xp), H = Gp >x ,l> G\,x,l — G x ^x,k 

and L is A- balanced with respect to X. 
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In order to describe p\.x explicitly, let us assume for the sake of simplicity that 
A is the only maximal ideal of O dividing t. We write b for the corresponding 
ramification index and pick c£ A \ A 2 . 

Let Tt(X) be the Z^-Tate module of X. Recall that Tg(X) is a free Z^-module 
of rank 2dim(X) provided with the continuous action 

p t ,x ■ Gal(liQ -> Aut z ,(T £ (X)) 

and the natural embedding 

End K (X) ® Z £ End z ,(T £ (X)), 

whose image commutes with ^^(Gal^)). In particular, carries the natural 

structure of an O ® Z( — OA-module; it is known [10l Prop. 2.2.1 on p. 769] that 
the OA-module T^(X) is free of rank dx.E- There is also the natural isomorphism 
of Galois modules 

X e = T e (X)/£T e (X), 

which is also an isomorphism of End^(X) D O-modules. Applying (2) and Remark 
I3.3f ii). we conclude that the 0[Gal(i"T)]-module AT a coincides with 

C - x iT t {X)/tT t {X) = c b - 1 T e (X)/c b T i (X) = T e (X)/cT e (X) = 

T e (X)/cO x T e (X) = T t {X)/(XOx)T t {X). 

Hence 

X x = T e (X)/(XO x )T e (X) = T t {X) ® 0x fc(A). 

Theorem 3.12. Suppose that E is a number field that is normal over Q. Suppose 
that K is a field of characteristic zero that contains a subfield isomorphic to E. 
Suppose that X is defined over K and i(O) C Endx(A). We write nx.E for the 
greatest common divisor of all n T (X,i) where t runs through the set of embeddings 
r : E K. Suppose that A is the only maximal ideal in O that lies above prime 
I, the group G\^x does not contain a subgroup, whose index divides nx,E> except 
G\.x itself and End^ x (ATa) = fc(A). Then: 

(i) End°(X) is a simple Q)-algebra, i.e., X is isogenous over K a to a self- 
product of an absolutely simple abelian variety. 

(ii) Suppose that G\.x does not contain a normal subgroup, whose index divides 
dx.E except G\ x itself. Then: 

(1) i(E) is the center of End°(X, i), i.e., End (X, i) is a simple central 
E-algebra. In particular, i{E) contains the center o/End {X). 

(2) Ifn x ,E = 1 then End (A", i) = i(E) E and End(X,z) = i(0) = O. 

Proof. Using Rcmark l3.11l we may assume (extending if necessary the ground field) 
that K is A-balanced with respect to X. In particular, there is no proper subgroup 
H C G e 2 X K with t £ 2 X (H) — G\_x,k- Since End^ (X\) = fc(A), it follows from 
Lemma [3781 that Endif(X, i) — i{0) = O and therefore has no zero divisors. It 
follows from Lemma EOI that X consists of one Galois orbit. Assume that X is not a 
singleton. By Rcmark l2.2[ Gp x,K contains a subgroup H of index It follows 

from Remarks 13. 1 II and 13.91 that Hq := Tp \(H) 7^ G\ t x.K', in addition the index of 
Hq in G\,x.k divides By Theorem 13. 51 divides n x ,E- It follows that 

the index of Hq in G\^x.k divides nx,E- But such Hq does not exist: the obtained 
contradiction proves that X is a singleton, i.e., X — X s , End°(Af) = End°(Af s ) is a 
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simple Q-algebra and End (X, i) = End (X s , i s ) is a simple i?-algebra. This proves 
(i). 

Let us prove (ii). The center C of the simple -E-algebra End°(X, i) is a field that 
contains i(E) S E. By Remark [37T1 [C : Q] divides 2dim(A"). This implies that 
[C : B] divides d x ,_E- Suppose that C ^ E, i.e., [C : £] > 1. Since End K (X, i) = O, 
we have 

E = End^(X,i) = C Gal(K) = £^ 2 .*,*, 

i.e., C/if is a Galois extension and there is a surjective homomorphism Gp. x .k ~* 
Ga\(C / E) , whose kernel Hi is a normal subgroup in Gg2 XK of index [C : E] > 1. 
Clearly, H2 ■= Tp \(Hi) is a normal subgroup in G\ t x,K and its index is greater 
than 1 but divides [C : E]. Since [C : E] divides dx,E, the index of H 2 in G\,x,k 
divides dx,E- But such H2 does not exist: the obtained contradiction proves that 
[C : E] = 1, i.e., C — E and End°(X, i) is a central simple E'-algebra. This 
proves (ii)(a). It follows from Lemma 13.71 that End°(X, i) — i(E) = E. Since 
O = i(0) C End(X, i) c i(-B) = and O is the maximal order in E, we conclude 
that O i(O) = End(X, i). □ 

4. SUPERELLIPTIC JACOBIANS 

We keep notation of Section [TJ In particular, if is a field of characteristic zero 
that contains C : a primitive pih root of unity; f(x) £ K[x] is a polynomial of degree 
n > 3 and without multiple roots, Dt/ C X a is the (n-element) set of roots of / and 
K(9if) c K a is the splitting field of /. We assume that p does not divide n and 
write Gal(/) = Gal(//iT) for the Galois group Gal{K(m f )/K) of /; it permutes 
roots of / and may be viewed as a certain permutation group of i.e., as a 
subgroup of the group Perm(£K/) = S„ of permutation of EH/. 

We write C/ )P for the superelliptic K-cmve y p — f(x) and J(C/ iP ) for its jaco- 
bian. Recall that J(C/ jP ) is an abelian variety that is defined over K and 

dim(J(Cf. p )) = . 

Let us denote by d(n, p) the greatest common divisor of all integers [ni jp\ where i 
runs through the set of integers 

{i I < i < p}. 

Remark 4.1. (i) Suppose that p divides n — 1, i.e., n = pk + 1 with positive 
integer k. Then [ni/p] = ik and therefore d(n,p) = k = (n — l)/p. 
(ii) Suppose that p does not divide n — 1, i.e., n = pk + r with nonnegative 
integer k and 1 < r < p. Then p > 2, since p does not divide n. Let us put 
j := [p/r] < [p/2] <p- 1. We have [n- = fc, [n(j + l)/p] = (j + l)fc + 1 
and therefore d(n,p) = 1. 

Let us put 

B = Q(C P ), O - Z[C P ], ^ = p, A = (1 - Cp)Z[C P ], = F p 

and 

X = J{C ftP ), i : Z[Cp) - End K (J(C /iP )), i(C P ) = <5 P . 
We have <ij(C/ P ),Q(C P ) = 71 — It is known [9l [12] that Gal(/) is canonically 
isomorphic to Gj(C f P ),\,K- It is also known [25] [30], [32] Theorem 4.14] that the 
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centralizer of Gj(c f p ),\,k m EndF p (J(Cf, p )\) coincides with ¥ p if Gal(/) is doubly 
transitive. Also, if p > 2 and Tj : E = Q(Cp) ^ AT is an embedding that sends C, p 
to C _i then n Ti (J(C /)P ), Q(C P )) = [ni/p] if 1 < i <p [UJ Remark 3.7]. This implies 
that ^j(c / , p ),Q(G) = d(n,p). 

Proof of Theorem X 1 . li Extending the ground field, we may and will assume that 
Gal(/) = Q. Recall that p > 2. Now the assertion (i) follows from Theorem 13. 12IT ) 
combined with Remarks 14.11 and 11.31 The assertion (ii) (a) follows from Theorem 
I3.12f ii)(l) combined with Remark 11.31 In particular, Q[S P ] contains the center 
of End°(J(C / , J) )). It follows from [27J Theorem 3.6] and [32, Theorem 3.2] that 
Q[Sp] coincides with the center of End (J(Cf„)). This means that the centralizer 
of Q[S P ] in End°( J(C /iP )) is the whole End°'( J(C /iP )). Now Theorem Ejjjii) (2) 
combined with Remark 11.31 implies that End°( J(C/ )P )) = Q[S p ] = Q(Cp)- Since 
1>[( P ] = 1[5 P ] is the maximal order in Q(Cp) and Z[6 P ] C End( J(C/ iP )), we conclude 
that Z[6 P ] = End(J(C/, p )). □ 

Theorem 4.2. Suppose that p is odd and there exists a prime t ^ p and positive 
integers r and d such that n — l 2rd . Let ¥ be the finite field ¥gr. Let ¥ 2d be the id- 
dimensional coordinate ¥ -vector space and ASP (2d, F) be the group of all symplectic 
affine transformation 

v h-» A(v) +t, te¥ d ,Ae Sp(2d, F) 

of ¥ 2d . Suppose that one may identify fH/ and ¥ 2d in such a way that Gal(/) 
becomes a permutation group of¥ 2d that contains ASP(2d, F). 

Suppose that char(if) = and K contains a primitive pth root of unity. Lf either 
n = p + 1 or p does not divide n — 1 then 

End°(J(C /)P )) = Q[S P ] = Q(C P ), End(J(C /)P )) = Z[S P ] Si Z[Q. 

Proof. The permutation group Q — ASP(d, F) is doubly transitive, because the 
symplectic group Sp(d, F) is transitive on the set of all non-zero vectors in ¥ 2d . The 
group T S F 2d of all translations of F 2d is normal in ASP (2d, F) and QjT = Sp(d, F). 
Suppose that Q contains a proper normal subgroup say, H, whose index divides 
n — 1 = £ 2rd — 1. It follows that H contains all elements, whose order is a power 
of I. This implies that H contains T and therefore H/T is a normal subgroup 
in Sp(2d, F) that contains all elements of Sp(2d, F), whose order is a power of I. 
Since Sp(2d, F) is generated by symplectic transvections [TJ Theorem 3.25] and 
every (non-identity) symplectic transvection over F has multiplicative order £, we 
conclude that H/T = Sp(2d,F) and therefore H = ASP(2d,F). Since H is proper, 
we get a contradiction. So such H does not exist. Now Theorem 14.21 follows from 
Theorem □ 

In the case of hyperelliptic jacobians (i.e., when p = 2), we still can get some 
information about the structure of the endomorphism algebra. 

Theorem 4.3. Suppose that K has characteristic zero, n is an odd integer that 
is greater or equal than 5 and Gal(/) contains a doubly transitive subgroup Q that 
does not contain a proper subgroup, whose index divides (n — l)/2. Then: 

(i) End°( J(C/ j 2)) is a simple ^-algebra, i.e., J(Ct^) is isogenous over K a to 
a self-product of an absolutely simple abelian variety. 
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(ii) If Q does not contain a subgroup of index 2 then End (J{Cf, p )) is a central 
simple Q-algebra. 

Proof. Since p = 2, we have E = Q(( 2 ) = Q, dim( J(C /j2 )) = (n- l)/2 and the 
assertion follows readily from Theorem 1.6 in [29]. □ 

5. Complements 

Let r > 1 be a positive integer and q — p r . Let Q q S C be a primitive gth 
root of unity, _E := Q(Cj) C C the qth cyclotomic field and Z[£ g ] the ring of 
integers in Q(( q ). Suppose that if is a field of characteristic zero than contains a 
primitive qth. root of unity £. Let f(x) € K[x] be a polynomial of degree n > 4 
without multiple roots. Let us assume that p does not divide n. We write C/ j9 
for the smooth projective model of smooth affine if -curve y q = f(x). The map 
(x,y) h- > (x,y q ) gives rise to the surjective regular map 7r : C/ jg — > C$ q j p . By 
Albancsc functoriality, 7r induces the surjective homomorphism of corresponding 
jacobians J(C/ i9 ) — * J(C/ ig / p ), which we still denote by 7r. We write j(/>«) for the 
identity component of the kernel of 

n '■ J ( C f,g) —> J ( C f,q/p)- 
It is known [301 PP- 355-356], [32j Theorem 5.13 and Remark 5.14 on p. 383] that: 

(i) The automorphism 

S q : C f,q Q,^ fa y) ^ (^j Cy) 
gives rise to an embedding 

Z[C,] ^> End K (J (/ ' 9) ) C End(j(- f ' 9) ) 

that sends 1 to the identity automorphism of J^' qS> . 

(ii) The Galois modules J^(^ \ and J(Cf,p)(i-i; p ) are isomorphic. Here (1 — ( q ) 
(resp. (1 — £p)) is the corresponding principal maximal ideal in Z[£ g ] (resp. 
in In particular, if A = (1 — C 9 )^[Cg] C Z,[C g ] then G x ,.ju,i),k = 
Gal(/); if Gal(/) is doubly transitive then its centralizer in Endp (j\l' q ^) 
coincides with F p . 

(iii) Let us consider the induced action of E — Q(( q ) on Lie(J^' 9 '). Let j be a 
positive integer such that 1 < i < q and p does not divide i. If n : E — 
Q(C 9 ) ^ K is an embedding that sends ( q to C~ l then n Ti ( J(C (f ^), E) = 
[ni/q]. 

Lemma 5.1. Let p be a prime, r > 1 an integer and q = p r . Let n > 4 be an 
integer that is not divisible by p. Let n = kq + c where k and c are nonnegative 
integers and < c < q. 

Let d(n,q) be the greatest common divisor of all integers [ni/q] where i runs 
through the set of positive integers i that are not divisible by p and strictly less than 
q. Then: 

(1) d(n,q) divides k. In particular, if q < n < 2q then d(n,q) = 1. 

(2) If n — 1 is divisibly by q, i.e., c — 1, then d(n, q) = k = (n — l)/q. 

(3) If p is odd and n — 1 is not divisible by q then d(n, q) = 1. 

(4) Suppose that p = 2 and q does not divide n — 1 . Then: 

(a) d(n, q) = 1 or 2. 
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(b) If either k is odd or c < q/2 then d(n, q) = 1. In particular, if n < q/2 
then d(n, q) = 1. 

We prove Lemma 15.11 at the end of this Section. 

Combining observations (i)-(iii) of this Section with Theorem I3.12f i), Lemma 
15.11 and Remark 11.31 we obtain the following "generalization" of Theorem ll.il 

Theorem 5.2. Suppose that K has characteristic zero, n > 4 and p is a prime 
that does not divide n. Let r > 1 be a positive integer, q — p r and suppose that 
K contains a primitive qth root of unity. Suppose that Gal(/) contains a doubly 
transitive subgroup Q that enjoys the following property: if q divides n — 1 and 
n =/= q+l then Q does not contain a proper subgroup, whose index divides (n— 
If p = 2 then we assume additionally that Q does not contain a subgroup of index 
2. Then: 

(i) End°( J*^' 9 )) is a simple Q-algebra, i.e., J^ ,q ^ is isogenous over K a to a 
self-product of an absolutely simple abelian variety. 

(ii) Let us assume that Q does not contain a proper normal subgroup, whose 
index divides n — 1 . Then: 

(a) Q[S q ] ^ Q(C q ) is the center of End (J (M) ), i.e., End°(J (M) ) ™ a 
central simple Q[S q }- algebra. 

(b) Suppose that either n = q + 1 or q does not divide n — 1. If p = 2 then 
we assume additionally that n = kq + c with nonnegative integers k 
and c < q such that either k is odd or c < q/2. Then 

End°(J (/,9) ) = Q(C«), End(jC/.9)) = Z[Q. 

Corollary 5.3. Suppose that K has characteristic zero, f{x) € K[x] is an irre- 
ducible quartic polynomial, whose Galois group is the full symmetric group S4 . Let 
p be an odd prime, r > 1 a positive integer and q = p r . Suppose that K contains a 
primitive qth root of unity. Then 

End°(J (/,9) ) = Q(C), End(J^) - Z[Q. 

Proof of Cor pilar u \5. 'A The same proof as for Corollary 11.51 works in this case, 
provided one replaces the reference to Theorem 11.11 by a reference to Theorem 
IO □ 

Corollary 5.4. Suppose that char(_R') = and n > 5. Suppose that p is a prime 
that does not divide n. Let r > 1 be a positive integer and q — p r . Assume also that 
either n = q + 1 or q does not divide n — 1. If p = 2 then we assume additionally 
that n = kq + c with nonnegative integers k and c < q such that either k is odd 
or c < q/2. Suppose that Gal(/) contains a doubly transitive simple non-abelian 
subgroup Q . Then 

End°(J (/,9) ) = Q(C), End(J<''«>) - ZfcJ. 

Proof of Corollary \5.4\ The same proof as for Corollary 11.81 works in this case, 
provided one replaces the reference to Theorem 11.11 by a reference to Theorem 15.21 
and notices that simple non-abelian Q does not contain a subgroup of index 2. □ 

Proof of Lemma 15. Jl Clearly, p does not divide c. We have [n ■ 1/q] = k and 
therefore d(n,q) divides k. This proves (1). If c = 1 then k = (n — l)/q and 
[ni/q] = ik. This implies that d{n,q) = k = (n — l)/q. This proves (2). 
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Now assume that c > 1. Let m be the smallest integer such that mc > q. Clearly, 
q/2 > m > 2, (to - l)c < q < mc < 2q 

and therefore 

(km + l)q < nm < (km + 2)q. 

It follows that [nm/q] = km + 1 and therefore if m is not divisible by p then 
d(n,q) = 1. 

Now let us assume that to is divisible by p. Then m + 1 is not divisible by p and 
still m + 1 < q. Clearly, 

C ? q/2. 

If c < q/2 then mc = (m — l)c + c < g + g/2 and 

(to +l)c = mc + c< (q + q/2) + q/2 = 2q. 

This implies that 

(km + l)q < n(m + 1) < (km + 2)5 

and therefore [n(m + l)/q] = km + 1, which, in turn, implies that d(n,q) = 1. 

If c > g/2 then to = 2. If p is odd, 2 is not divisible by p and (as we have already 
seen) [n ■ 2/q] = 2k + 1 and therefore d(n,q) = 1. This proves (3). 

So, the only remaining case is when p = 2 and c > g/2. Since q > 4, we may 
take i = 3 < q. We have n • 3 = ikq + 3c and either q < 3c < 2q or 2g < 3c < 3q. 
In the former case [n ■ 3/q] = 3A: + 1 and d(n, q) = 1. 

In the latter case [n ■ 3/q] = 3k + 2 and d(n, q) divides both k and 3fc + 2. This 
implies that d(n, q) — 1 or 2; in addition, if k is odd then d(n, q) = 1. This proves 
(4). □ 

6. Corrigendum to 30 and [33] 

|30j . Remark 4.1 on p. 351: the condition n > 5 was inadvertently omitted. 
|33j . p. 538, Theorem 1.1, condition (ii): the n should be to. 
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